Regular N-gonal Right Antiprism: Application of HCR’s Theory of Polygon 
Harish Chandra Rajpoot 
Department of Mechanical Engineering, Indian Institute of Technology Bombay, Mumbai, India-400076 


Email: hcrajpoot@iitb.ac.in Date: 23-05-2023 
Abstract 


A regular n-gonal right antiprism is a semiregular convex polyhedron which has 2n identical vertices all lying on 
a sphere, 4n edges, and (2n+2) faces out of which 2 are congruent regular n-sided polygons, and 2n are congruent 
equilateral triangles such that all the faces have equal side. The equilateral triangular faces meet the regular 
polygonal faces at the common edges and vertices alternatively such that three equilateral triangular faces meet 
at each of 2n vertices. This paper presents, in details, the mathematical derivations of the generalized and analytic 
formula which are used to determine the different important parameters in terms of edge length, such as normal 
distances of faces, normal height, radius of circumscribed sphere, surface area, volume, dihedral angles between 
adjacent faces, solid angle subtended by each face at the centre, and solid angle subtended by polygonal antiprism 
at each of its 2n vertices using HCR’s Theory of Polygon. All the generalized formulae have been derived using 
simple trigonometry, and 2D geometry which are difficult to derive using any other methods. 
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1. Introduction 


A regular n-gonal right antiprism has 2n congruent equilateral triangular faces, 2 identical parallel regular n-gonal 
base faces, 2n identical vertices all lying on a sphere, and 4n edges such that two opposite and parallel regular 
polygons are relatively rotated through an angle of m/n about the axis passing through their centres and 
perpendicular to their planes. It is a convex polyhedron (i.e. internal angle between any two adjacent faces is less 
than 7c) which has each of its 2n+2 faces as a regular polygon and all its 2n vertices identical therefore it is called 
a semiregular polyhedron. It is also known as uniform n-antiprism, uniform, equilateral antiprism [1]. (as shown 
in the Figure-1 below). 


Figure-1: A regular n-gonal right antiprism consists of two identical, opposite 
and parallel regular polygons each with n no. of sides separated by a band of 
2n congruent equilateral triangles, 2n identical vertices lying on a sphere and 
4n edges. All 2n+2 faces of the antiprism have a side a. 


Depending on the number of sides of regular n-gonal face, a regular polygonal right antiprism has various 
geometric shapes which form an infinite family of antiprism. For n = 3, the antiprism has its simplest form having 
2n + 2 = 8 equilateral triangular faces which is called triangular antiprism. It’s also a regular tetrahedron [2]. (as 
shown in the Figure-2 below). 


Figure-2: The various geometric shapes of a regular polygonal right antiprism form an infinite family. 
a) triangular right antiprism, b) square right antiprism, and c) pentagonal right antiprism 


2. Derivation of parameters 

Let’s consider a regular n-gonal right antiprism with edge length a (as shown in the Figure-2) such that 

H = Normal height i.e. the normal distance between the regular n-sided polygonal faces of the right antiprism 
H,, = Normal distance of each regular polygonal face from the centre of the right antiprism 

H, = Normal distance of each of 2n congruent regular triangular faces from the centre of the right antiprism 
R, = Radius of circumscribed sphere i.e. distance of each of 2n identical vertices from the centre of the antiprism 
A, = Surface area of the antiprism 

V = Volume of the antiprism 

877g = Dihedral angle between any two adjacent equilateral triangular faces having a common edge 

Orry = Dihedral angle between equilateral triangular and regular polygonal faces having a common vertex 
Orpg = Dihedral angle between equilateral triangular and regular polygonal faces having a common edge 
Orpy = Dihedral angle between equilateral triangular and regular polygonal faces having a common vertex 


@r = Solid angle subtended by each regular triangular face at the centre of the right antiprism 
@, = Solid angle subtended by each regular n-sided polygonal face at the centre of the right antiprism 


@y = Solid angle subtended by the right antiprism at each of its 2n identical vertices 


2.1. Normal distance of regular n-sided polygonal face from the centre 


Let H,, be the normal distance of regular n-sided polygonal face from the centre O of the polygonal antiprism 
having edge length a. Now, the circum-radius of regular polygon A,A,A3j_... ... Ayn-1An with centre O, (see the 
above Figure-2) is given as 
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In right AOO,A, (see the above Figure-2), applying Pythagorean theorem as follows 
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2.2. The solid angle subtended by regular n-sided polygonal face at the centre 


The solid angle subtended by any polygonal plane, having n no. of sides each of length a, at any point lying on 
the perpendicular axis passing through the centre of polygon at a distance h is given by the generalized formula 
from HCR’s Theory of Polygon [1] as follows 
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Now, substituting the corresponding value i.e. h = H, = normal distance of regular polygonal face from the centre 
O of the antiprism (as shown in the above Figure-2) in the above generalized formula, the solid angle w,, subtended 
by each regular polygonal face at the centre O is obtained as follows 
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Where, x = R,/a is some unknown ratio. 


2.3. Normal distance of equilateral triangular face from the centre 


Let Hy be the normal distance of equilateral triangular face from the centre O of the polygonal antiprism having 
edge length a. Now, the circum-radius of regular triangle with centre Oz (see the above Figure-2) is given as 
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In right AOO,A, (see the above Figure-2), applying Pythagorean theorem as follows 
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2.4. The solid angle subtended by equilateral triangular face at the centre 


Similarly, substituting the corresponding value i.e. h = Hp = normal distance of equilateral triangular face (n = 
3) from the centre O of the antiprism (as shown in the above Figure-2) in the above generalized formula, the solid 
angle wr subtended by each equilateral triangular face at the centre O is obtained as follows 
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Where, x = R,/a is some unknown ratio. 


2.5. Radius of circumscribed sphere (Circum-radius) 


Since, a regular n-gonal right antiprism is a closed surface consisting of 2 regular n-sided polygonal faces and 2n 
equilateral triangular faces therefore the sum of solid angles subtended by all the faces at the centre of polygonal 
antiprism must be equal to 47 sr according to HCR’s Theory of Polygon [1]. Thus, the total solid angle subtended 
by all the faces at the centre O of the polygonal antiprism is given as follows 
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The above Eq(5) is the generalized formula to analytically compute the radius of circuminscribed sphere on which 
all 2n identical vertices of a regular n-gonal right antiprism with edge length a lie. 
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Now, substituting the value of R, into Eq(1) above, the normal distance H,, of regular n-sided polygonal face 
from the centre O of the polygonal antiprism is obtained as follows 
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The above Eq(6) is the generalized formula to analytically compute the normal distance of regular polygonal face 
from the centre of a regular n-gonal right antiprism having edge length a. 


Now, substituting the value of R, into Eq(3) above, the normal distance H; of equilateral triangular face from 


the centre O of the polygonal antiprism is obtained as follows 
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The above Eq(7) is the generalized formula to analytically compute the normal distance of equilateral triangular 
face from the centre of a regular n-gonal right antiprism having edge length a. 


2.6. Normal height of regular polygonal antiprism 


The normal height H of the regular n-gonal right antiprism i.e. perpendicular distance between its two regular n- 


polygonal faces is given as 
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2.7. Surface area of regular polygonal antiprism 


The total surface of a regular n-gonal right antiprism consists of two identical regular polygonal faces and 2n 
identical equilateral triangular faces all with an equal side a. Therefore the total surface area of the regular 
polygonal antiprism with edge length a is the sum of all its (2n+2) faces, which is given as follows 


A, = 2(Area of regular polygonal face) + 2n(Area of regular triangular face) 


(Where, n = number of sides in a regular polygon) 
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Therefore, the total surface area of regular n-gonal right antiprism having edge length a, is given as follows 
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2.8. Volume of regular polygonal antiprism 


The regular n-gonal right antiprism, having 2n+2 faces, is a convex polyhedron therefore it can be divided into 
2n+2 number of elementary right pyramids out of which 2n have regular triangular base and two have regular 
polygonal base. The sum of volumes of all 2n+2 elementary right pyramids is equal to the volume of polygonal 
antiprism. Now, consider a regular polygonal antiprism with edge length a. The side of base of all elementary 
right pyramids is a and the vertical heights of regular triangular and polygonal right pyramids are H; and H,, 
respectively (as shown in the Figure-3). The volume of regular polygonal antiprism is given as follows 


O 


Figure-3: A regular n-gonal right antiprism has 2n identical elementary right 
pyramids each with regular triangular base (left) and 2 identical elementary 
right pyramids each with regular n-gonal base (right). 


V = 2n(Volume of regular triangular pyramid) + 2(Volume of regular polygonal pyramid) 
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Therefore, the volume of regular n-gonal right antiprism having edge length a, is given as follows 
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2.9. Solid angle subtended by equilateral triangular face at the centre 


Now, substituting the value of x = R,/a from Eq(5) into Eq(4) above, the solid angle w7 subtended by each 
regular triangular face at the centre of antiprism is obtained as follows 
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Therefore, the solid angle subtended by each regular triangular face at the centre of antiprism is given as 
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2.10. Solid angle subtended by regular polygonal face at the centre 


Now, substituting the value of x = R,/a from Eq(5) into Eq(2) above, the solid angle w, subtended by each 
regular polygonal face at the centre of antiprism is obtained as follows 
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Therefore, the solid angle subtended by each regular polygonal face at the centre of antiprism is given as 
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2.11. Solid angle subtended by the antiprism at one of its 2n identical vertices 


The vertices A, and A, are joined to the centre O, of regular polygonal face A,A2A3.....A,_,A, to obtain 


isosceles AO, A,,Az having vertex 2A,0,Az = =. Now, in right AO, QA, (as shown in the Figure-4(a)) 
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Figure-4: (a) A regular n-gonal right antiprism (b) perpendiculars OD & OE are drawn from the center O to the 
adjacent equilateral triangular faces A,B,B, and A,A,B, having a common edge A,B, (c) cyclic quadrilateral 
BB, A2A),, is obtained by joining four vertices of the antiprism. 


The perpendiculars OD and OE are dropped from the centre O of the antiprism to the adjacent equilateral 
triangular faces A,B,B, and A,A,B>, having a common edge A,B3, to their circum-centers/in-centers D and E 
respectively (as shown in the Figure-4(b)). 
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a 


a 
B,D Vf 
nde = es 


v3 6 
OD Hy a > 1 git 
Tz 9cosec an 12 3cosec on 4 


Similarly, in right AODM (see above Fig-4(b)), 
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In right AONB, (see above Fig-4(b)), 
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A regular n-gonal right antiprism has 2n identical vertices say A4,A2,A3.....,An-1,4n & 


B,, Bz, B3, .....,By_1, By all lying on a sphere (i.e. circumscribed sphere with radius R,). A cyclic quadrilateral 
B,B AA, (see Figure-4(c) above) is obtained by joining the vertices B,,Bz, Az, & A, (Figure-4(a)). The foot P 
of perpendicular A, P drawn from the vertex A, to the quadrilateral B,;B,A2A, will be at an equal distance r (i.e. 
circum-radius) from the vertices B,,Bz,A2,& A, . The perpendiculars PQ, PR, PS, and PT are drawn from the 
foot of perpendicular (F.O.P.) P to all the sides A,A,, A,B,,B,Bz and BA, respectively (as shown in the above 
Figure-4(c)). 


From A-A similarity, right triangles AB, NB, and APSB, are similar triangles (see the above Fig-4(c) or Fig-5). 
Therefore, using the ratio of corresponding sides of the similar triangles 
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Figure-5: AB, NB, and APSB; are similar triangles from A-A similarity. 
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In right APSB, (see Fig-5), using Pythagoras theorem as follows 
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In right APQA,, (see Fig-4(c) above), using Pythagoras theorem as follows 
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A perpendicular A, P is dropped from the vertex A,of antiprism to 
the circum-centre P of cyclic quadrilateral B, B2A2A, (see Figure- Ay 
4(c) above) to obtain a right AA, PB, (as shown in the Figure-6). 
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Figure-6: Right AA, PB,. The vertex A, is ata 
normal height h above circum-centre P. 
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The solid angle subtended by a right triangle having legs p and b at any point lying on the axis passing through 


the acute angled vertex and perpendicular to the plane of triangle (as shown in the Figure-7 below), is given by 
standard formula of HCR’s Theory of Polygon [3] as follows 
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From the above Figure-4(c), the solid angle wapg,,, subtended by right 
APQAy,, , at the vertex A, of the antiprism is obtained by substituting 
the corresponding values, b = A,Q, p = h, andh = h from the above 
Eq(13), Eq(15) and Eq(16) respectively in the above standard formula 
(Eq(17)), is given as follows 
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Figure-7: The point P(0, 0, h) lies at a 
normal distance h from acute angled 
vertex O of right AABO. 
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=sin-t{ cos— {1 + 4sin? — ] — sin-+< | cos— {1+ 4sin2 — } {| 
n 2n n 2n i 1 


1 
1 it cos — 
@ypQa, = Sin7* cos— 3-2 cos—} — sin“ 7 seattsa ane xa LS) 


cos 5— 
2n 


Similarly, from the above Figure-4(c), the solid angle Wapp4,, subtended by right APRA, , at the vertex A, of the 
antiprism is obtained by substituting the corresponding values, b = a/2, p = hz and h=h from the above 
Eq(14) and Eq(16) in the above standard formula (Eq(17)), is given as follows 


Nia 


h 
Wapra, = Sin~* | ———4—— |] — sin“? 
(3) Oe (3) Be [re ey 


2asin5— i 


& a 1+ 4sin? x 
ae 2 Fei 2 i 
Wapra, = Sin sin 


2 


2 2 
(3)' q |3—4sin? aa 2a sinz- q [3 —4sin? a 
2) t\2 sna tt faa Ne in? 
1+ 4sin2 mn 1+ 4sin2 x 1+ 4sin' on 


. 1 
2a sing7 
/a + 4sin? — a 


o 
2 


NIS 


= sin“ 


2 
3 — 4sin ora 


10 
1+ 4sin2 TH 


3- 4sin? > 
+ 


1+ 4sin? 2 


ae /16sin2 x +3- 4sin2 =— 


1+ 4sin? 5— ua 


— sin” 
1 
oe 4sin=— 
= sin7! Zn 
ae V3 /1 + Asin? oa 
1+ ae 1+ ee 


_ 1 
1 Tl 1 TC 4sin=— 
= sin 1t{— 1 + 4sin2 — }— sin-+ < | — /1 Asin? —) | —— 2 
2 2n 2 2n 2. i 
V3 /1 + 4sin2 OF 


WapRAn = Sin™* [1 + 4sin? — —sin™? (Zsin=) andere tec (19) 
me 2 2n V3 2n 


According to HCR’s Theory of Polygon, the solid angle Wp, p,.4,4, Subtended at the vertex A, of antiprism by the 
cyclic quadrilateral (trapezium) B,B,A2A, will be equal to the algebraic sum of the solid angles subtended by the 
congruent right triangles APQA, & APQA, and the congruent right triangles APRA,, APRB,, APSB,, APSB3, 
APTB, & APTA, (as shown in the above Figure-4(c)). Therefore the solid angle subtended by the cyclic 
quadrilateral B,B,AA, at the vertex A, of polygonal antiprism is obtained as follows 


WB, BoAzAn — APQAn + WAPQAr + OaPRAn + WapRB, + WapsB, + apse, + MaprB, + WaprAy 


WB, B2A2zAn — 2(Wapoa, ) + 6(Wapra,) (- triangles are congruent ) 


Substituting the corresponding values from the above Eq(18) and Eq(19) as follows 


= 2( sin-1 = [3 2cos—)—si C087 at (5 +4 fie in (J =| 
(B,B,A,A, = 2| sin-* | cos— cos — } — sin” me (si sin on} 7 sin an 


1 
2(3sin-1(4 [3-2 Ee eeciaet —-2 -1( S*n Sent (aa 
WB,ByA,An = sin 2 —2cos— sin cos cos — sin 7 | 3sin i sin =| 
n V3 2n 
cos5 on 
Le 2 Es ee 
- 2sin3 om x (3- 4sin? > ) + cos? 1+ 4sin? 5 : 3 — Asin? ae + 2sin5— 1 + 4sin? an 


+6cos 


cos5— a 2V3 
n 


WB, ByApAn = 2 COS 


According to HCR’s Theory of Polygon, the cone of vision of an object at a given point (i.e. eye of observer) in 
3D space is an imaginary cone obtained by joining all the points of that object to the given point and the solid 
angle subtended by the object at that point is equal to the solid angle subtended by its cone of vision at the apex 
(i.e. eye of observer) [3]. It is worth noticing that cones of vision of regular polygonal right antiprism and the 
cyclic quadrilateral B,B,A,A, are same therefore the solid angles subtended by the regular polygonal right 
antiprism and the cyclic quadrilateral B,B,A,A,, at the vertex A, will be equal (as shown in the above Figure-4). 


Therefore, the solid angle subtended by regular polygonal right antiprism at its vertex is given as 


1 
r 1 1 . 1 1 ‘ cos; : 2.9 
@y = 2| 3sin-t(— /3 —-2cos—]+sin™1| cos— |3 —2cos—)-— sin“ a }—3sin (=sin ~) vse ee (20) 
2 n n n cos 5 V3 2n 


Or 


in? 2 aL sain 2 
2sin? In mm (3 - Asin” 2 Iq) + cos?= 1+ 4sin In 7 3 —4sin? in +2sin5, 1+ 4sin an 


+ 6cos~ 


cos 5 2V3 
n 


@y = 2cos~1 


It is interesting to note that the above value of solid angle wy is independent of the edge length a of regular 
polygonal right antiprism but depends only on the number of sides n of regular polygonal base. 


2.12. Dihedral angle between any two adjacent equilateral triangular faces sharing a common edge 


Let’s consider any two adjacent equilateral triangular faces A; B,Bz and A,A,B, having a common edge A,B (as 
shown in the top view of Figure-8 below). Drop the perpendiculars OD and OE from the centre O of the antiprism 
to the triangular faces A,B,B, and A,A,B,, respectively which meet the faces at their in-centres D and E, 
respectively. 


In right AODM (see the front view in the Figure-8 below), 


tan ZDMO ae 
Zz =— 
an DM 
>t = — * ZDMO = = 
ee) ( 2 2 
_ Dole: 
: Gees. a2 9cosec an 12 1 ; a ; ( ~ a 
an = = | cosec* — — = Se 
2 ee 2 2n 2V3. 


1 TT 
6 = 2tan1(- /3 2—_-—4 
TTE an (; cosec TA ) 


Therefore the dihedral angle 077g between any two 
adjacent regular triangular faces sharing a common edge 
in a regular pentagonal antiprism is given as 


2.13. Dihedral angle between regular triangular and 
polygonal faces sharing a common edge 


Let’s consider any two adjacent regular triangular and 
polygonal faces A,A,Bz and A,A2A3... 
common edge AA, (as shown in the top view in the 
Figure-9 below). Drop the perpendiculars OE and O0, 
from the centre O of the antiprism to the triangular face 


.A, having a 


and polygonal face respectively which meet the faces at 
their in-centres E and 0O,, respectively. The inscribed 


radius of equilateral triangular face A,;A,Bz is = 


In right AOEN (see the front view in the Figure-9), 


EO Hy 
tan ZENO = EN => tan@, =—{- 
2v3 
a 2 i 
Tz 9cosec rn 12 
tan 6, = ———_,—_ 
2v3 


1 TA 
6, =tan-t[= [3 2-4 
i an (; cosec on 


Now, the inscribed radius r of regular polygonal face 


A,A2A3 ....A, with side a is given by generalized formula 
as follows 
a: Ra 
r= 5 co - 


In right AOO,N (see the front view in the Figure-9) 


enmltoe cee 
anZz = — > tan = — 
= NO, a F 
: 4 — sec? x5 z 
tan 6, = =-—tan 4 — sec? — 
. 5 cot = an 
n 
1 TC 
0, = tan-?{=tan— /4— sec? — 
2n 


ra 


Regular triangular face 


(b) Front 


Figure-8: (a) Two adjacent regular triangular faces 
having a common edge A,B, (b) The perpendiculars 
drawn from the center O to the triangular faces fall at 
their in-centers D & E, and their in-circles touch each 
other at the mid-point M of common edge A;B2. 


B, 


(a) Top 


Regular triangular face 


\ 
Regular polygonal face 


B, 


(b) Front 


Figure-9: (a) Two adjacent regular triangular and 
polygonal faces having a common edge A,Az (b) The 
perpendiculars drawn from the center O to the faces fall 
at their in-centers E & O,, and their in-circles touch 
each other at the mid-point N of common edge A,A>. 


Now, the total dihedral angle 0;p, between regular triangular and polygonal faces with a common edge is the 
sum of dihedral angles 6, and @, as determined above (see the front view in the above Figure-9) as follows 


1 1 1 a a 
Orpp = 0, + 6, = tan? (5 |3cosec? a +) +tan7? (tan 4 — sec? m) 


x 2% see 21 
‘ sf 1 1 z 3cosec int ztan > 4 —sec mn 
= cos 
on 1 | ‘ 1 : 1 . 1 ‘ 
2 a Lyte oF r{2 20 tye 20 
1+(5 3cosec mn +) 14 (; tan> 4 —sec i) 14 (; 3cosec mm *) 1 (; tan> 4—sec z=) 


3 — 4sin? x= sin [4cos? ~ —1 
n ny 2n 
1 70 TC 
: 2 2 sin5, cos = cos 5— 


= cos” = 
20 22 ( = 2x) BT 22 ( = 2) 
[e+ 3cosec on 4 /4+tan oa 4—sec an 4+ 3cosec an 4 /4+tan i 4 —sec mn 
fia 
4 sin— z [- Asin? on 7 | cos? aa 1 
-1 
= cos - 
sin? = 1 sin? = 1 
3cosec? =~ |4 + Dl 4— 1 sin cos=cos7~ |3cosec? ~~ [4+ Dl 4 — 1 
2n cos2 = cos? Je 2n n 2n 2n cos? = cos? Je 
n 2n n 2n 
sin= (3- Asin? x) (4cos? fee 1) 
-1 4 2n 2n 
= cos - 
a 1 1 a 1 1 a 1 
4 (cos? + sin? ) cos? =— — sin? 4 (cos? + sin? ) cos? =— — sin? 
V3 cosec its at wet nN sin os cos = COS 5 V3 cosecs i n it 2n us 
ue cos? — cos? 5— 3 2n cos? — cos? — 
n 2n n 2n 


w 2 gull 
- sin7 (3- 4+ 4cos x) (4cos on 1) 
= cos 
= — sin? = nO Fn — sin? = 
V3 coset 5 V3 cos COS 5 
n 


cos = cos 5 cos cos 5 
7 on 


. 1 1 1m _ 2r 20 
o=( 4 sin 5 cos 5 cos — sink |(4c0s mn 1) (4cos a 1) 


27 _ yn ge 8 gee 
V3 [cos on a V3 [cos Orie ae 


= COS 


2 
( sin cos= — sin= (4cos? alae 1) 
-1 n n n 2n 
2 a 
V3 |4cos oa a 


_ 20 . 1 1 
sin — — sin= |4cos? — 1| 
-1 n n 2n 


V3 2 (1+ cos=) - (1 — cos? =) 


= COs 


(- n=3,nEN) 


_ 20  . 1 2 0 
ee (= a Oi (4cos ram 1) 


ey 2m 
V3 [2+ 20082 pcos? 
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= Cos 


> sin“ — sin™ sinSr— sing (2 (1 + cos) 1) =) - 1) 
V3 |cos*= + 2cos= +1 


21 21 Tl 
sin“ — 2 sin® — 2 sinZ cos= + sin= sin — — sin — — sin— 
= -1f" nn “Un “"“Un7“n "“ n)_ -1 n n n 
= cos ; = cos er ee 7 
V3) (1 +cos% 9) 3 |1 + cos 
n 
_ sina — —2sin5—cos ae —2 sin cos ae 
= cos “(aes = cos Zr 20 = cos-? {| —__20 _2n aan 
2 
V3 ( 1+ cos = v3 (1 + 2cos? x _ 1) 2V 3cos an 
—sin=— 1 1 1 1 
5 - a > oi ( ) ~ = ( ) 
= cos-! | ——_*~ ] = cos ——tan—] = 7 — cos —tan— 
3 cos x V3 2n 3 2n 


Therefore the dihedral angle 0;p; between any two adjacent regular triangular and polygonal faces having a 
common edge in a regular polygonal right antiprism is given as 


1 1 1 1 
Orpp = 1 — cos! (| —tan —} = cos-1 (—-—~tan — thts masceate (AE) 
V3 2n V3 2n 


2.14. Dihedral angle between regular triangular and polygonal faces sharing a common vertex 


It’s worth noticing that the dihedral angle 0;py between any two adjacent regular triangular and polygonal faces 
having a common vertex in a regular polygonal antiprism is supplementary angle of @¢pg which is given as 


1 1 
Orpy = 1 — Orpp = cos 4 (jtan =) inisisintpeenedaans, (23) 


V3 2n 


2.15. Dihedral angle between any two adjacent equilateral triangular faces sharing a common vertex 


If a, B,and y are the face angles i.e. the angles between the consecutive lateral edges meeting at the vertex O ina 
tetrahedron OABC then its internal dihedral angles say 0,,02 and 83 opposite to the face angles a, 6 andy 
respectively (as shown in the Figure-10) are given by HCR’s inverse cosine formula [4] as follows 


A 
cos a — cos fB cosy 
6, = cos (| . (24 
mia sin 6 siny Ch 
ee 4 (ae = coe aees) 38 
pine sina siny i) 
os oy (oe — cos a cos a) a 
pe sina sin B (26) 


Now, consider any two adjacent equilateral triangular faces say A,B, Ap 
and A,B,A, having a common vertex A, and extend both the faces so Figure-10: Dihedral angles 01, 02 & 03 


that they intersect each other at the line segment A,B (as shown in the are opposite to face angles a,B &y 
Figure-11 (a) below) respectively in tetrahedron OABC 


NY 
B 
B 
(a) (b) (c) 


Figure-11: (a) The triangular faces A,B A, & A;,B2A2 are extended to make them intersect each other at the 
line segment A,B (b) tetrahedron A,A2A,B with face angles at the vertex A, (c) tetrahedron A;,A2A,,B with 
dihedral angles between its triangular faces meeting at their common edges 


Let 0rry be the dihedral angle between the equilateral triangular faces A, B,A, and A,B,A, about their common 
edge i.e. the line-segment of intersection A,B which is also the dihedral angle between the triangular faces A, BA, 
and A,BA, obtained by construction as shown in the above Figure-11(a). 


It is also interesting to note that Orp,z is the dihedral angle between any triangular face say A,B 2A, and regular 
polygonal face A,Az...A, which is also the dihedral angle between triangular faces A,A2A, & A,BA>, and 
dihedral angle between triangular faces A, AA, & A, BA, as shown in the above Figure-11(a). Now, assume that 
ZBA,A, = ZBA,A, = 9 (0 < ~ < @) using symmetry in the above Figure-11(a). 


Now, consider the tetrahedron A,A,A,B with vertex A, at which three equilateral triangular faces A,AzAy, 
A, A,B and A,BA, having vertex angles (n — 2)/n, 9 and @ respectively (as shown in the above Figure-11(b)). 


The angles Orppz, Orpg and Orry are the internal dihedral angles between triangular faces A,A,A, & A, A,B, 
A,AzA, & A,A2B, and A,A,B & A,AzB about the common edges A,A,, A,A 2, and A,B respectively meeting at 
the vertex A,. (as shown in the above Figure-11(c)). 


Now, substituting a = g, B = (n — 2)m/n andy = ¢g in the above inverse cosine formula i.e. Eq(24), the internal 
dihedral angle 6, = 07p¢ opposite to the face angle a = @ in tetrahedron A,A2A,,B (see the above Figure-11(c)) 
is obtained as follows 


(n — 2) 
cosa —cosf cosy cos p — cos~——— Cos p 
0, = cos~* (ee => Orpg = cos7t |§ ————_____ 2 
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sin~—]—— sin p 
(n — 2) 
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(n—2)n. = COS Orpr 
sin sin p 
n 
n— 2) 
cos p (ome 22 A ) 7 (Ke ) (sett ieweS 
sing\ .. (n—2)n is Cuamiia iB ane etting value of Orpp 


n 


cot@ n | = —cos (cos ( : tan— )) 
a) a V3. 2n 
n 


1+2cos?=—1 1 rt 
cot@ = ——tan 
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n n 
cos — 1 
= ——~tan—tang 
sin — V3 2 
T 1a 
cag ne = oS 
a a 
t =-v3 t—cot— 
ang V3 co 70° a 
: (v = <o<n) 
=> cosg = —-———"—_— >< Q<n 
1+ tan? @ 2 
1 
cosg = — ; 
a 1 
+ (-v3 cot cot>—) 
1 
cos@ = — soaia( ZZ) 
2 to 
[1+ 3cot 7 cot an 


Now, substituting @ = (n—2)n/n, B = g and y = @ in the above inverse cosine formula i.e. Eq(24), the 
internal dihedral angle 6, = Ory opposite to the face angle a = (n — 2)z/n in tetrahedron A,A A,B (see the 
above Figure-11(c)) is obtained as follows 


_ ____, (cosa — cos B cosy 
6, = cos - - 
sin B siny 
(n-—2)n 
cos~——— — cos 9 cos p 
=> Orpy = cos~* |} —————_______ 
sing sing 
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21 2 
— cos—— — cos* p 
2 -1 n 
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an 1 
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[1+ scot? Zeot? cot 3 
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— COS—— — 10 10 20 1a a 
nN 14+ 3cot? —cot? — — cos" (1+ 3cot? Scot? =) — 1 
=foe=2 n 2n | _ neers n n 2n 
= = Tt Tt 
Po i 7 1+ 3 cot? = cot*5>—1 
1+ 3 cot? 7 cot mn 
21 21 1 Tv 
: — cos —- — 3 cos cot” cot’ 5 — 1 ae Qn ee Qn 
= cos” 1 i = cos (- 3(1 + cos ) tan tan — cos ) 
3 cot2 —cot2 on 3 n n 2n n 
n n 
1 Tv 1 Tl 21 2 1 1 21 
=cos! (- = (2 cos? —) tan? —tan* — — cos =) =cos? (- —sin? —tan? — — cos = 
3 n n 2n n 3 n 2n n 


Therefore the dihedral angle 6,7, between any two adjacent regular triangular faces having a common vertex in 
a regular polygonal right antiprism is given as 


1 1 =) buses sees (28) 


Orry = cos"! (- eee: —tan* — — cos — 
3 n 2n n 


Vn23, neN 


It’s worth noticing that the dihedral angles given by above Eq(21), Eq(22), Eq(23) and Eq(28) and the solid angles 
given by above Eq(11), Eq(12) and Eq(20) are all independent of the edge length of the antiprism. All the angles 
derived above depend on the number of sides n only i.e. geometric shape of regular polygonal right antiprism. 


2.16. Construction of regular polygonal right antiprism 


A regular polygonal right antiprism can be constructed by following two methods depending on whether it is a 
solid or shell. 


2.16.1. Solid regular polygonal right antiprism: The solid regular polygonal right antiprism can be made by 
joining all its 2n+2 elementary right pyramids, out which 2n are identical regular triangular right pyramids and 2 
are identical regular polygonal right pyramids (as shown in the above Figure-1), such that all the adjacent 
elementary right pyramids share their mating edges, and apex points coinciding with the centre. 


2.16.2. Regular polygonal right antiprism shell: The shell of a regular polygonal right antiprism can be made 
by folding about the common edges the net of all its 2n+2 faces out which 2n are identical regular triangles and 2 
are identical regular polygons all having equal side. The regular polygonal faces are connected by a band of 2n 
equilateral triangular faces. The net of 2n+2 faces has been shown in the Figure-12 below. 


Figure-12: The net of 2n regular triangular and 2 regular polygonal faces of a regular 
polygonal right antiprism. 
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2.17. Applications of generalised formula of regular polygonal right antiprism 


A regular polygonal right antiprism forms an infinite class of vertex-transitive polyhedrons. The geometric shape 
of regular polygonal right antiprism depends on the number of sides in polygonal base n such that n => 3,n EN. 
Now, substituting the different values of n i.e. n = 3,4,5,.... in the generalized formula as derived above, the 
infinite family of uniform n-gonal antiprism can be mathematically formulated & analysed as below. 


2.17.1. Regular triangular right antiprism or regular octahedron (n = 3) 


The important geometrical parameters of a regular triangular right antiprism or octahedron (as shown in the 
Figure-13) can be easily determined by substituting n = 3 in the above generalized formula. 


Number of triangular faces, F3 = 2n+2=2°3+2=8 
Number of edges, EF = 4n = 4-3 = 12 
Number of vertices, V = 2n = 2:3 =6 


1) Normal distance of each equilateral triangular face from the centre 
of a regular triangular right antiprism or octahedron with edge length 
a is obtained by substituting n = 3 in the above generalized formula 


i.e. Eq(7) or Eq(6) as follows 
Hy = Ls 9cosec? ae 12 as 9cosec? oe 12 = we 
7 73 2n ~ 721 6 6 


n=3 


Figure-13: Regular triangular right 
Or antiprism or octahedron (n=3). 


a 7 a 5k a 
Hy = Anln=3 =a 4 — sec mn a 4 — sec Tia la 


2) Perpendicular height (i.e. normal distance between opposite regular triangular faces) is obtained by substituting 


n=3 


n = 3 in the above generalized formula i.e. Eq(8) as follows 


H = 2H, =2 c 4 or ee =f 4 eee ay 2 ~ 0.81649658a 
ans\ 2n|__, 20 6/3 | 


3) Radius of circumscribed sphere i.e. the sphere on which all 6 identical vertices lie, is obtained by substituting 


n = 3 in the above generalized formula i.e. Eq(5) as follows 


R, == [a+ 2s < |4 + cosec? = = —= ~ 0.707106781 
= cosec* —— == cosec* — = —= #* U. a 
04 2n|,_, 4 6 v2 


4) Total surface area of regular triangular right antiprism or regular octahedron is obtained by substituting n = 3 
in the above generalized formula i.e. Eq(9) as follows 


1 1 1 1 
Ay = sna (v3 + cot)| = 53a? (v3 + cot =) = 2 V3a? ~ 3.464101615a? 


n=3 
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5) Volume of regular triangular right antiprism or regular octahedron is obtained by substituting n = 3 in the 
above generalized formula i.e. Eq(10) as follows 


pe aes t=) [4 a ai po t=) [4 Supe 0.47140452a3 
mary) ee Oe sec 2n|_, 24 rot Or ore ae ‘ a 


6) Dihedral angle between any two adjacent regular triangular faces having a common edge is obtained by 
substituting n = 3 in the above generalized formula i.e. Eq(21) or Eq(22) as follows 


1 Tl 1 i 
Orrg = 2tan (; [3cosec? aa yl = 2tan} (5 |3cosec? ra s) 


= 2tan™1(V2) ~ 109.4712206° 


6 a : t ~ tf : t =) < (3) 109.4712206° 
= 7 — COS — tan — = 7 — COS — tan — ] = 7 — cos —|z . 
we V3 2n/|__, 3. 6 3 


The above value of dihedral angle between any two triangular faces having a common edge in a regular octahedron 
is same as obtained by the author [6]. 


7) Dihedral angle between any two adjacent regular triangular faces having a common vertex is obtained by 
substituting n = 3 in the above generalized formula i.e. Eq(28) or Eq(23) as follows 


rane -1/ 2. an, > 1 =) _ -1/ D1 of, > =) 
TTv = COs 3 sin’ — tan” = — cos— bie cos 3 sin’ 5 tan’ 7 — cos 
1 
=cos"* (5) = 70.52877937° 
Or 
0 ail : t ~) =f : t =) os (3) 70.52877937° 
= cos * {—=tan — = cos * |—=tan—] = cos“*| =] = 70. 
ae Aa. 2m Ni, 436 3 


8) Solid angle subtended by equilateral triangular face at the centre of regular triangular right antiprism is obtained 
by substituting n = 3 in the above generalized formula i.e. Eq(11) or Eq(12) as follows 


ie Shaye oe ym ouuet| Vom 
Wr = 247 sin 4 sin on = 2710 sin 4 sin 6 


n=3 


1 1 
= 2n —6sin"+ (3) as = 1.570796327 sr 


Wr = 2m — 2nsin | 2sin? = 3 — 4sin2 au = 2m — 6sin + | 2sin? = 3 — 4sin2 = 
is nv 2n]|__, 6\ 6 


1 1 
= 2n —6sin"+ Gj) =F = 1.570796327 sr 
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9) Solid angle subtended by regular triangular right antiprism at each of its 6 identical vertices is obtained by 
substituting n = 3 in the above generalized formula i.e. Eq(20) as follows 


1 

1 1 1 1 cosy 2 1 

@y = 2| 3sin"?(= /3 —2cos—]+sin | cos— {3 —2cos—]—sin 7 |—3sin (= sin =| 

2 n n n cosa_ V3 2n 
2n. 
1 

. 1 1 . 1 1 cos . 2 .=0 
=2{ 3sin-4+{- /3 —2cos—]+sin-1{ cos— {3 —2cos—]-—sin™+ + }|—3sin™t (sin *) 
2 3 3 3 cos Ga 6 


1 1 1 
=8 (sin (3) — sin“? (=) = 2n —8sin+ (=) = 1.359347638 sr 


The above value of solid angle subtended by a regular triangular right antiprism or octahedron at each vertex is 
same as obtained by the author [7]. 


2.17.2. Square right antiprism (n = 4) 


The important geometrical parameters of a square right antiprism (as shown in the Figure-14) can be easily 
determined by substituting n = 4 in the above generalized formula. 


Number of triangular faces, F, = 2n = 2:4 =8 
Number of square faces, F, = 2 

Number of edges, EF = 4n = 4:4 = 16 
Number of vertices, V = 2n=2:4=8 


1) Normal distance of each equilateral triangular face from the centre 
of a square right antiprism with edge length a is obtained by 
substituting n = 4 in the above generalized formula i.e. Eq(7) as 


follows 
a 1 a 1 Figure-14: Square right antiprism 
= | 2 = | 2 
Hr = 12 9cosec mn 12 - me 9cosec 3 12 (n=4). 


a s+6 2 
=a Bae = 0.586040409a 


2) Normal distance of each square face from the centre of square right antiprism with edge length a is obtained 


by substituting n = 4 in the above generalized formula i.e. Eq(6) as follows 


. 4 ae c . 0.420448207 
=— — sec = = 2 Uz. a 
av 8 5 [fz 25/4 


3) Perpendicular height (i.e. normal distance between opposite square faces) is obtained by substituting 


a 7 
Hy = Haln=a = 7 4 —sec a 


n=4 


n = 4 in the above generalized formula i.e. Eq(8) as follows 


we 4 ei 0.840896415 
a) — sec 8 24 ~ s a 


n=4 


24 


4) Radius of circumscribed sphere i.e. the sphere on which all 8 identical vertices of square right antiprism lie, is 
obtained by substituting n = 4 in the above generalized formula i.e. Eq(5) as follows 


R ae 4 + cosec? = ae dnegsee2 ee = [8+ 2V2 ~ 0.822664388a 
o~ Gy 2n| «4 8 4 > 


n=4 
5) Total surface area of square right antiprism is obtained by substituting n = 4 in the above generalized formula 
i.e. Eq(9) as follows 


1 18 1 1 
A, =5na?(V3+cot—)| => 4a? (V3 + cot) = 2a?(V3 + 1) ~ 5.464101615a” 


n=4 


6) Volume of square right antiprism is obtained by substituting n = 4 in the above generalized formula i.e. Eq(10) 


ae ou 5) , 5 
= 5g (cot t coz [4 = sec? = 


as follows 


V= c (cot . + cot“) 4 — sec? " 
~ 2n n 2n 


3 
a 
ae (29/4 + 21/4) = 0.956999981a3 


7) Dihedral angle between any two adjacent regular triangular faces having a common edge is obtained by 
substituting n = 4 in the above generalized formula i.e. Eq(21) as follows 


0 =2t -a(Z |g Boe 4 =2t -a(Z [g ae 4 
cre = 2tan 5 cosec oe = 2tan 5 cosec 3 
n=4 
8+ 6V2 
= 2tan"! (=3"") = 127.5516029° 


8) Dihedral angle between any two adjacent regular triangular faces having a common vertex is obtained by 
substituting n = 4 in the above generalized formula i.e. Eq(28) as follows 


ry ee ee ee 21 
= cos ~|—zsin* —tan* = — cos— 
n=4 3 


2 ‘a 1 21 
Orry = cos} (- 3 sin? tan’ —-— cos | : r 


2n n 


2V¥2 -3 
=cos7! (==) ~ 93.27858947° 


9) Dihedral angle 07;; between any two adjacent regular triangular and square faces having a common edge is 
obtained by substituting n = 4 in the above generalized formula i.e. Eq(22) as follows 


1 TT 1 1 
Orse = Orpeln=a = cos~* (-=tan )| = cos? (-tan2) 


V3 2n/i_, V3 8 


= cos? (-08- 0) =cos ==) 


10) Dihedral angle 6,5, between any two adjacent regular triangular and square faces having a common vertex is 


=~ 103.8361605° 


obtained by substituting n = 4 in the above generalized formula i.e. Eq(23) as follows 


Orsy = Orpy|naa = CoS? (Ftan | = cos? (tan 7) 
TSV — YTPVIin=4 — “z 


V3 2n/i_, V3 8 
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6=48 
oe ~ 76,16383952° 


= cos~! (+ (v2 - 0) = cos"*( 


11) Solid angle subtended by equilateral triangular face at the centre of square right antiprism is obtained by 
substituting n = 4 in the above generalized formula i.e. Eq(11) as follows 


= 2n —6sin"+ os sin? = = 2n —6sin"+ ee sin? a 
5 4 2n - 4 8 


n=4 


(a) 


4 


v2+1 
= 2n —6sin1 (+ = 0.944946255 sr 


12) Solid angle subtended by square face at the centre of square right antiprism is obtained by substituting n = 4 


1 TC 
= 2n —8sin | 2sin? — |3 — 4sin? — 
m — 8sin (2s? sin? = 


in the above generalized formula i.e. Eq(12) as follows 


W4 = Wylnea = 20 — 2nsin poe [3 Sane 
3 alae 2n 2n 


¥2-1 
2 


n=4 


: = 2.503400284 sr 


= 27 — 8sin™ 


13) Solid angle subtended by square right antiprism at each of its 8 identical vertices is obtained by substituting 
n = 4 in the above generalized formula i.e. Eq(20) as follows 


1 
eee | Ta 2% 1 Ta ono cos a De. @ “TE 
Wy =2{ 3sin"* |= /3 —2cos—]+sin™*|{ cos— {3 —2cos—]-—sin™ 7 }—3sin '(Ssin=) 
2 n n n cos——_ V3 -2n 
2n 
1 
2 ea fl 1 5 1 1 ng [ CORa .4(2 0 
= 2) 3sin 3 3—2¢0s7 + sin cosy a2 Gos — sin sae — 3sin (sin5) 


V¥3-v2 3-2 2—v2 
=2| 3sin"4 (“*) + sin“? - sin( 2- v2) —3sin? 5 = 1.793771333 sr 


n=4 


2 


2.17.3. Regular pentagonal right antiprism (n = 5) 


The important geometrical parameters of a regular pentagonal right antiprism (as shown in the Figure-15 below) 
can be easily determined by substituting n = 5 in the above generalized formula. 


Number of triangular faces, F, = 2n = 2:5 = 10 
Number of regular pentagonal faces, F; = 2 
Number of edges, FE = 4n = 4-5 = 20 

Number of vertices, V = 2n = 2:5 = 10 


1) Normal distance of each equilateral triangular face from the centre of a regular pentagonal right antiprism with 
edge length a is obtained by substituting n = 5 in the above generalized formula i.e. Eq(7) as follows 


26 


Hp =—= {9 ee 12 
T= 7p 2cosec? 5 


_ (34v5)a 
Af 


aie jo 2 12 
~ 72 cosec To 


n=5 


= 0.755761314a 


2) Normal distance of each regular pentagonal face from the 
centre of regular pentagonal right antiprism with edge length a 
is obtained by substituting n =5 in the above generalized 
formula i.e. Eq(6) as follows 


H H,,| : /4 ae 4 ee 
5 = An|lnes = 7 — sec* — =— — sec — 
4 2n _ 4 10 
545 Figure-15: Regular pentagonal right 
a + ipri = 
= 5 [ap © 0:425325404a i a 


3) Perpendicular height (i.e. normal distance between opposite regular pentagonal faces) is obtained by 
substituting n = 5 in the above generalized formula i.e. Eq(8) as follows 


_ a 4 gt _ 
“ga ag 


4) Radius of circumscribed sphere i.e. the sphere on which all 10 identical vertices of regular pentagonal right 


545 
Tp > © 0-850650808a 


antiprism lie, is obtained by substituting n = 5 in the above generalized formula i.e. Eq(5) as follows 


a 
Ro= 7 [4 + cosec? — Al. = |4 + cosec? = 510 +2V5 ~ 0.951056516a 


5) Total surface area of regular pentagonal right antiprism is obtained by substituting n = 5 in the above 
generalized formula i.e. Eq(9) as follows 


1 18 a? 
= 750" (v3 + cot =) = 5(53 + 25 + 105) ~ 7.77108182a2 
5 


6) Volume of regular pentagonal right antiprism is obtained by substituting n = 5 in the above generalized 


A, = 5na 2 (V3 + cot— —) 


n= 


formula i.e. Eq(10) as follows 


aoe (cot + cot =) 4 — sec? = 


V= ae > (cot + cot —) a al 
10 10 


24 2n |= ~ 24 
n=5 


3 
a 
=Z1e% 2V5) ~ 1.578689326a° 


7) Dihedral angle between any two adjacent regular triangular faces having a common edge is obtained by 
substituting n = 5 in the above generalized formula i.e. Eq(21) as follows 


1 Tt 1 TA 
0 = 2tan! = {3 2—__ 4 = 2tan? = [3 2___ 4 
TTE an (; cosec or ) os an 5 cosec Ti 


34+V5 
= 2tan-( ; ) ~ 138.1896851° 
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8) Dihedral angle between any two adjacent regular triangular faces having a common vertex is obtained by 
substituting n = 5 in the above generalized formula i.e. Eq(28) as follows 


2 1 Tl 21 
Orpy = cos? (- sin? —tan? — — cos ) 
re 3 n 2n n 


n=5 
1 
= cos? (- 5) ~ 109.4712206° 


9) Dihedral angle 0;p; between any two adjacent regular triangular and pentagonal faces having a common edge 
is obtained by substituting n = 5 in the above generalized formula i.e. Eq(22) as follows 


1 Tl 1 Tl 
Orpr = Orpglnes = CoS (-=tan | = cos"! (-un=) 
V3 2n v3 ~=s 10 


n=5 


s —2V¥5 
= cos“*| — |= — | =m — tan7(3 + v5) ~ 100.812317° 


10) Dihedral angle 9;py between any two adjacent regular triangular and pentagonal faces having a common 
vertex is obtained by substituting n = 5 in the above generalized formula i.e. Eq(23) as follows 


1 18 1 Tv 
Orpy = Orpy|nes = Cos (tan ~)| = cos! (tana) 
V3 2n V3 ~=«-10 


n=5 


5 —2V5 
15 


1 


='cos~ = tan-1(3 + V5) ~ 79.18768304° 


11) Solid angle subtended by equilateral triangular face at the centre of regular pentagonal right antiprism is 
obtained by substituting n = 5 in the above generalized formula i.e. Eq(11) as follows 


2 
[3 1 3 1 3 (v5-1 
or arn jo) - ara ( jaf) ara 7-( x )) 
n=5 


sere =2 6sin | si a) 0.62831853 
‘ = 2n — 6sin (sin =—7 0. sr 


=2n—- asin? ( 


12) Solid angle subtended by regular pentagonal face at the centre of regular pentagonal right antiprism is obtained 
by substituting n = 5 in the above generalized formula i.e. Eq(12) as follows 


Ws = Walnes = 20 — 2nsin 1 | 2sin? = |3 = 4sin? — = 2 —10sin-1( 2sin?—— {3 — 4sin2— 
pee 2nV 2n 10\ 10 


eget (sin) = m © 3.141592654 sr 
10 


n=5 


V5 
= 2n—10sin- ( 


13) Solid angle subtended by regular pentagonal right antiprism at each of its 10 identical vertices is obtained by 
substituting n = 5 in the above generalized formula i.e. Eq(20) as follows 


1 
fil Ta al 1 Ta 4 cos bite PDE Ie 
Wy =2{ 3sin™* |= /3 —2cos—]+sin™* | cos— {3 —2cos—]-—sin™ 7 }—3sin *(Ssin=) 
2 n n n cos V3 2n 


2n. 


n=5 
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TT 
1 TC 1 1 cosT 2 1 
= s-1[_ = = aot oe = YO gant = 26inrt {aa ) bw 
=2 [ sin ( 3 20s) +sin (cos§ 3 2085) sin (=) 3sin (Ge) 2.059558403 sr 
10 
All the above values of geometric parameters of a regular pentagonal right antiprism are same as obtained by the 


author [5]. 


Thus the analytic formula can be derived for any right antiprism having polygonal base with desired no. of sides 
n such thatn > 3,nEN. 


2.17.4. Infinite right antiprism (nm — 00) 


An infinite right antiprism is a right antiprism having two polygonal bases each with infinite number of sides i.e. 
n — 00 each of finite length a. In other words, an infinite right antiprism has a band of infinite number of 
equilateral triangular faces each with finite side connected by two regular polygonal bases each with infinite 
number of sides. Obviously, a regular polygon with infinite number of sides each of finite length looks becomes 
a circle. Thus an infinite right antiprism becomes a right cylinder having finite length and circular bases each with 
infinite radius. The important geometrical parameters of an infinite right antiprism can be easily determined by 
taking the limits of the above generalized formula as n > ©0, 


Number of triangular faces, F, = 2n — 00 

Number of regular polygonal faces with infinite no. of sides, F,, = 2 
Number of edges, E = 4n — 00 

Number of vertices, V = 2n > ©0 


1) Normal distance of each equilateral triangular face from the centre of an infinite right antiprism with finite edge 
length a is obtained by taking limit of Hy given from the above Eq(7) as n > 00 


H. = lim 75? oO 2—__ 12 +0 
T ae 12 cosec y) 


The above result shows that each triangular face is at an infinite distance from the centre of infinite right antiprism. 


2) Normal distance of each regular polygonal face with infinite no. of sides from the centre of infinite right 
antiprism with finite edge length a is obtained by taking limit of H,, given from the above Eq(6) as n > oo 


a tT av3 
= li = lj _ _ ety — 
Ho jim H, jim 4 4 — sec or 4 
The above result shows that each polygonal face is at a finite distance from the centre of infinite right antiprism. 


3) Perpendicular height (i.e. normal distance between opposite regular polygonal faces) is obtained by taking limit 
of H given from the above Eq(8) as n > 00 


a ~ av3 
= — i = — De sf et) 
H = 2H,, 2 lim 7 /4 sec oe 5 


4) Radius of circumscribed sphere i.e. the sphere on which all infinite identical vertices of infinite right antiprism 
lie, is obtained by taking limit of R, given from the above Eq(5) as n > oc 


R, = lim = |4 + cosec? — 
= lim — cosec* — — © 
° noo 4 2n 
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5) Total surface area of infinite right antiprism is obtained by taking limit of A, given from the above Eq(9) as 


n— oo 
ft he 2 1 
A; = lim >na (V3 + cot—) > ow 


6) Volume of regular pentagonal right antiprism is obtained by taking limit of V given from the above Eq(10) as 


— na? 1 ™ [, re 
= lim > (cot + cot—) — sec primase 


7) Dihedral angle between any two adjacent regular triangular faces having a common edge is obtained by taking 


n— © 


limit of @7rg given from the above Eq(21) as n — 00 


; fy fk > 
Orre = lim 2 tan 5 3cosec ban = 


The above result shows that the triangular faces with finite side and common edge become co-planar with each 
other in infinitely long band of triangular faces. 


8) Dihedral angle between any two adjacent regular triangular faces having a common vertex is obtained by taking 
limit of 6-ry given from the above Eq(28) as n > oc 


. wet Aig gh 2 2m 
Orry = lim cos~* | —=sin* —tan — cos =1 
n>0o 3 n 2n n 


The above result shows that the triangular faces with finite side and common vertex become co-planar with each 
other in infinitely long band of triangular faces. 


9) Dihedral angle 0;pz between any two adjacent regular triangular and polygonal faces having a common edge 
is obtained by taking limit of 7p, given from the above Eq(22) as n > 00 


. ‘ 1 1a a 
Orpg = lim cos™ (-tan =) = 
n-0o 


V3 2n 2 


The above result shows that each triangular face having common edge with regular polygonal face becomes 
perpendicular to the plane of polygonal base with infinite no. of sides each of finite length. 


9) Dihedral angle 6;py between any two adjacent regular triangular and polygonal faces having a common vertex 
is obtained by taking limit of @;py given from the above Eq(23) as n — oo 


; ay ge 1 1 
Orpy = lim cos (Gn =| = 5 


The above result shows that each triangular face having common vertex with regular polygonal face becomes 
perpendicular to the plane of polygonal base with infinite no. of sides each of finite length. 


11) Solid angle subtended by each equilateral triangular face at the centre of infinite right antiprism is obtained 
by taking limit of w, given from the above Eq(11) as n — oo 


. . -1 3 . g fl 
@r = lim 2m — 6sin 47 sin’ =0 
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The above result shows that each triangular face of finite side subtends a solid angle of 0 sr at the centre located 
at an infinite distance from each triangular face. 


12) Solid angle subtended by each regular polygonal face with infinite no. of sides at the centre of infinite right 
antiprism is obtained by taking limit of w, given from the above Eq(12) as n > co 


1 1 
Wo = lima, = lim 2m — 2nsin71| 2sin? — [3 — 4sin? — | = 2m 
noo n>0o 2n 2n 


The above result shows that each polygonal face with infinite no. of sides subtends a solid angle of 27: sr at the 
centre which implies that each polygonal face covers the centre like a hemispherical cap. 


13) Solid angle subtended by infinite right antiprism at each of its infinite vertices is obtained by taking limit of 
Wy given from the above Eq(20) as n > c 


1 
; ; 1 1 ; 1 a ; cos ; 2. 
wy = lim 2[ 3sin-t| = ]3—2cos—}+sin-*| cos— |[3 — 2cos—} —sin™+ 7 |—3sin™? (= sin =) = 
n>00 2 n n n cos=— V3 2n 


2n 


The above result shows that the infinite right antiprism subtends a solid angle of 7 sr at each of its vertices which 
implies that the band of triangular faces becomes an infinitely long rectangular plane with finite width (as shown 
in the Figure-16) 


Figure-16: The band of triangular faces of infinite right antiprism becomes a rectangular plane of 
infinite length & finite width, and subtends a solid angle of 7 sr at each vertex. 


2.18. Variations of dimensionless parameters of regular polygonal right antiprism 


The dimensionless parameters, the dihedral angles; Or7¢, Orry, Orpg & Orpy and the solid angles; wr, w, & Wy 
(as derived above) only depend on the number of sides in regular polygonal base n which is a natural number 
such that n = 3,n € N. The graphs of variation of dihedral and solid angles with respect to the number of sides 
n can be plotted by assuming 7 to be a continuous variable such that n > 3 as shown by the solid curves in the 
Figure-17 and Figure-18 below. These plots can be used to determine the values of dihedral and solid angles of a 
regular n-gonal right antiprism at the desired positive integer value of n. 
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Figure-17: The variations of dihedral angles 977¢, 97ry, 9rpg and O7py w.r.t.n 
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Figure-18: The variations of solid angles w7, w,, and Wy w.r.t. n 


Summary: All the important geometric parameters of a regular n-gonal right antiprism having edge length a can 
be determined as tabulated below. 
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Geometric parameter 


Formula 


Normal distance of equilateral triangular face from the 
centre 


Normal distance of regular polygonal face from the centre 


@. 2 
4 sec 


Perpendicular height (i.e. normal distance between opposite 
regular polygonal faces) 


4 
a 
2 


Radius of circumscribed sphere 


7 1 
fs, 2n 
H = 2H, = 4 ae 
= 2H, = sec? — 
Ry =—_|4 + cosec? — 
a cosec? = 


Total surface area 


A, = sna? (v3 + cot =) 


Volume 


3 


V= na TT TT 4 a 1 
= 4 (cot on + cot -) — sec Tn, 


Dihedral angle between any two adjacent regular triangular 
faces having a common edge 


Dihedral angle between any two adjacent regular triangular 
faces having a common vertex 


2 1 1 2m 
Orry = cos} (- =sin? —tan? — — cos =) 
3 n 2n n 


Dihedral angle between adjacent regular triangular and 
polygonal faces having a common edge 


Dihedral angle between adjacent regular triangular and 
polygonal faces having a common vertex 


1 1a 
Orpy = 1 — Orpg = cos? (tan ~) 
V3 2n 


Solid angle subtended by equilateral triangular face at the 
centre 


regia 2 ge 
= —osin —-—sin* — 
Cee aes 4 2n 


Solid angle subtended by regular polygonal face at the 
centre 


W, = 2m — 2nsin“!{ 2sin? ae [3 — Asin? ad 
if 2n 2n 


Solid angle subtended by polygonal antiprism at each of its 
2n identical vertices lying on a sphere 


' 1 Ti : 1 1 
Wy =2| 3sin"1(|- {3 —2cos—]+sin-1| cos— |3 —2cos— 
2 n n n 

1 
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Conclusions 


In this paper, the generalized formulas have been derived in terms of edge length and number of sides of regular 
polygonal base of the regular polygonal right antiprism for computing its important parameters such as, normal 
distances of faces from the centre, normal height, radius of circumscribed sphere, surface area, volume, dihedral 
angles between adjacent faces, solid angles subtended by the faces at the centre and solid angle subtended by 
antiprism at each vertex. The analytic and generalized formula derived here can be used to mathematically analyse 
and formulate the polyhedrons with large no. of faces, edges and vertices in discrete geometry. 
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